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Introduction
Governments in modern welfare states have developed elaborate systems of taxes, benefits, and subsidies (further: tax system). These tax systems are designed to raise revenue for the provision of public goods, to redistribute resources from the fortunate to the less fortunate, to insure constituents against adverse outcomes when insurance markets fail, and to correct for externalities. Tax systems combine non-linear tax rates on labor income, capital income and commodities, with non-linear subsidies on healthcare, housing, education and other observable choices of the constituents.
The formal study of optimal non-linear tax systems was pioneered by Mirrlees (1971 Mirrlees ( , 1976 . In his model agents are heterogeneous in their earnings ability. They make several observable choices, such as labor income, portfolio and savings choices, and consumption levels of various goods. The social planner wants to redistribute from agents with high to agents with low earnings ability. However, earnings ability is private information, and hence, the first-best allocation is not attainable. Instead, the main problem in optimal taxation is to find a tax system that implements the social planner's second-best allocation in a market-based economy.
The technique, pioneered by Mirrlees, to identify the optimal tax system is to split the problem into two subproblems. The first subproblem is to characterize the best attainable outcome given the informational restrictions, the second-best allocation, through a direct mechanism. The second subproblem is to identify a tax system under which the secondbest allocation is a market equilibrium, and hence, a tax system that implements the second-best allocation in a market-based economy.
There is an extensive literature that studies the first subproblem and describes the properties of the second-best allocation. In addition, Mirrlees (1976) proposes to solve the second subproblem of designing the optimal tax system by equating the marginal tax rates to the optimal wedge between the marginal rates of substitution and transformation (further: equating marginal tax rates to wedges). In his model agents differ only in their earnings ability, such that equating marginal tax rates to wedges yields a separable tax system in which the marginal tax rate on each good only depends on the consumption of that particular good. The Mirrleesian tax system has become the canoncial solution in, and has subsequently been applied throughout, the literature on optimal non-linear taxation (see e.g. Atkinson and Stiglitz, 1976 , Diamond, 1998 , Saez, 2001 , Bovenberg and Jacobs, 2005 , and Choné and Laroque, 2010 .
By equating the marginal tax rate to the wedge, the Mirrleesian tax system solves the first-order conditions for implementation. However, to the best of our knowledge, general conditions under which this tax system satisfies the second-order conditions for market implementation have never been derived. To understand this issue in more detail note that a tax system can only implement the second-best allocation in the market if no agent can increase his utility by deviating from the bundle that would have been assigned to him in the direct mechanism. However, agents typically have more choices available to them in a market economy than they have in a direct mechanism. In the direct mechanism of Mirrlees (1976, sect. 3), for example, agents can choose which earnings ability they report to the planner. Based on this reported ability the planner assigns each agent a bundle of choice variables, such as labor effort, consumption levels and savings. On the market the agent can make each of these choices separately, only constrained by his budget. The combination of these choices allows agents to create bundles that are not available to them in the direct mechanism. Hence, even if an allocation is incentive compatible in the direct mechanism, and the tax system satisfies first-order implementability conditions it does not follow that the tax system implements the allocation in a market economy. The bundles that are not part of the second-best allocation are known in the literature as "joint" or "double" deviations (see e.g. Kocherlakota, 2005) . The potential for these joint deviations implies that second-order implementability constraints on the market are generally more stringent than the incentive-compatibility constraints in the direct mechanism.
This issue has not gone entirely unnoticed. Specifically, the principle of taxation derived by Hammond (1979) proves that for any incentive-compatible allocation there exists at least one tax system that satisfies first-and second-order implementability constraints.
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This tax system stops agents from creating joint deviations in the market by simply prohibiting such deviations. The incentives created by this tax system are mathematically equivalent to the incentives in a direct mechanism. Hence, incentive compatibility in the direct mechanism implies implementability through this tax system.
Hammond's result is of importance to the study of optimal tax systems because it shows that there always exists at least one tax system that can implement the secondbest allocation in the market. However, restricting the choices of economic agents to the choices available to them in a direct mechanism effectively removes the benefits of free choice and limited administrative costs associated with a market mechanism. Therefore, this tax system has limited appeal to policy makers in market economies.
2 Moreover, the principle of taxation does not tell us whether less restrictive tax systems, like the Mirrleesian tax system, can implement the second-best allocation.
In addition, in recent literature several papers have focused on identifying the secondbest allocation when agents differ in multiple dimensions (see e.g. Cremer et al. (2001) , Saez (2002a) , Kleven et al. (2009) , Choné and Laroque (2010) , Renes and Zoutman (2014) , Rothschild and Scheuer (2014) and Jacquet and Lehmann (2014) ). However, to our knowledge the second subproblem of designing the optimal non-linear tax system in these models has not yet been addressed.
In this paper we address both gaps in our understanding of tax design. We derive conditions under which the Mirrleesian tax system, and indeed any tax system that satisfies first-order implementability conditions, successfully implements the second-best allocation in the market. These results hold independent of the dimension of heterogeneity. In models of optimal taxation where these conditions apply the optimal tax system follows directly from the optimal wedges in the second-best allocation. If the planner adjusts relative prices in the market by equating taxes to wedges, this suffices and the planner does not need to restrict the choice space of agents in the market.
The analytic starting point of this paper is a set of agents that differ in multiple continuously distributed characteristics, such as earnings ability and tastes. The agents make multiple choices pertaining, for instance, consumption levels of several goods and income from labor and capital. Preferences are described by a completely general utility function. The economy is guided by a planner who wants to implement a second-best allocation of which we know three things: i.) it satisfies the economy's resource constraint, ii.) it is incentive compatible in a direct mechanism, iii.) it maximizes a general welfare function under the constraints given by the other two conditions. It is well-known in the literature that the derivation of the second-best allocation under multi-dimensional heterogeneity of agents is technically very complex. In the companion paper, Renes and Zoutman (2014) , we take up this issue and set the first steps towards fully characterizing the second-best allocation with multi-dimensional heterogeneity of agents. In this paper, however, we take the second-best allocation as given, and use the common elements of such allocations to study sufficient conditions for the implementation of second-best allocations in a market economy.
We first show the relevance of this analysis trough a simple, but instructive example. The example shows that even when agents only differ in a uni-dimensional characteristic the canonical Mirrleesian tax system may fail to implement the second best. In our example at least one agent prefers a bundle available to him in the market over the bundle assigned to him in the direct mechanism. The planner can only implement its second best by restricting these joint deviations or taxing them at prohibitive rates. Neither the restrictions nor the prohibitive tax rates can be derived from the second-best allocation. Hence, in this particular example designing the optimal tax system is significantly more complex than deriving the second-best allocation.
We proceed by deriving a lemma which describes the general conditions under which a tax system implements the desired allocation using standard micro-economic theory. The first order implementation constraints require that marginal tax rates are equal to optimal wedges. The second-order implementation constraints require that indifference curves are more convex than budget constraints in all linear combinations of the decision variables. Economists can use these implementability constraints to verify whether a proposed tax system implements the desired allocation. That is, after solving the maximization problem of the planner and formulating the entire tax system, it can be verified whether the tax system satisfies these constraints for the proposed allocation. Unfortunately, most optimal allocations in the literature do not have a closed-form solution. Therefore, verification of implementation can only be performed in the special cases that have been simulated. This verification is useful (and necessary) in such simulations, but it does not provide insights in the general properties of optimal tax systems. Therefore, our main contribution lies in identifying two classes of optimal tax problems in which a tax system can always implement the allocation, provided that tax rates are equated to wedges. In the identified classes joint deviations are never optimal, and hence, the second-order implementation constraints are automatically satisfied. This implies there is no need to impose restrictions, or levy prohibitive tax rates, on the choice space available to agents in the market, and that implementation does not have to be verified ex post.
The first class of models satisfies the following conditions: i.) the allocation is feasible, incentive compatible and on the Pareto frontier, ii.) there are no externalities iii.) tax rates are equated to wedges, and iv.) the resulting tax system does not have an internal maximum. For this class of problems we show that in any allocation that allows profitable joint deviations, at least one joint deviation exists which increases the utility of the agent and weakly increases tax revenue. Such a deviation entails a Pareto improvement over the original allocation. Hence, the initial allocation could not have been on the Pareto frontier. For optimal taxation, the most important implication of this first class of models is that the second-best allocation of a welfarist planner can always be implemented by equating taxes to wedges, since the second best of a welfarist planner always resides on the Pareto frontier.
A simple corollary to this proposition shows that the Mirrleesian tax system can implement the second-best allocation under uni-dimensional heterogeneity of agents. It follows that a separable tax system can implement the second best in models with unidimensional heterogeneity provided the four conditions outlined above are satisfied.
Intuitively, if the planner is welfarist the preferences of the planner and the agent are aligned in the sense that the objective function of the planner is, ceteris paribus, increasing in the utility of the agent. Hence, budget-neutral joint deviations that increase the agents' utility cannot exist in a market mechanism. It is this property of alignment between the objective of the planner and the agents that allows the planner to implement its second best through a relatively simple tax system.
If the tax function has an internal maximum on the allocation, the proposition fails to apply. Intuitively, from such a maximum a deviation that weakly increases tax revenue does not necessarily exist. However, most tax systems that result from equating taxes to wedges are either monotonic or convex in all choice variables and as such they usually do not exhibit internal maxima.
More importantly, the proposition fails for non-welfarist planners or in the presence of externalities. The second-best allocation of a non-welfarist planner is not necessarily on the Pareto frontier (see Kaplow and Shavell, 2001) . Similarly, in the case of externalities, even if both the utility for the agent and tax revenue weakly increase, this does not necessarily imply a Pareto improvement, since other agents might be adversely affected through the externality.
The second class of problems where a tax system that equates taxes to wedges can always implement the second-best allocation, is when the second-best allocation is surjective onto the choice space. Intuitively, when each bundle that exists in the market is assigned to at least one type in the direct mechanism, the agents' problem on the market is identical to the agents' problem in the direct mechanism. Therefore, incentivecompatibility and implementability constraints coincide. Since we assumed the original allocation was incentive compatible, it must also be implementable in the market. The prime example of this class of models is the Mirrlees (1971) model where agents only differ in earnings ability and their only choice variables are consumption and labor income.
Our main results hold independently of the number of choice variables, and independently of the number of characteristics in which agents differ. As such, our results have strong implications for the extensively studied models of optimal tax design with unidimensional heterogeneity, as well as for the technically more complex study of optimal taxation under multi-dimensional heterogeneity. Moreover, preferences do not have to satisfy a Spence-Mirrlees or single-crossing condition, since our results remain valid even if there is bunching, such that at least two types receive the same bundle, in the optimal allocation.
Note that the conditions we derive are sufficient conditions, not necessary conditions. There are cases outside of these two classes for which a mechanism that equates taxes to wedges (without additional restrictions) suffices to implement the second-best allocation. Implementation cannot be guaranteed ex ante through our propositions in that case. The two identified classes, however, are of enormous importance since they encompass virtually all non-stochastic models based on Mirrlees (1971 Mirrlees ( , 1976 and the generalization of these models in Renes and Zoutman (2014) and as a result validate almost all tax systems proposed in the literature.
This paper primarily provides a guide to the relatively understudied second step of optimal tax design. More generally, our results show an imperfect link between direct and indirect mechanisms. A central planner that perfectly observes choices and can price/tax them non-linearly, might still want to rely on quotas or legal prohibitions to reach the second-best allocation. This provides some intuition for the existence of (possibly optimal) complexities in the tax systems in modern welfare states. To prevent abuse of social insurance schemes, a central planner may have to restrict the choices of (potential) beneficiaries, and force them to study, apply for jobs, or enroll in debt counseling for instance.
The rest of the paper is organized as follows. Section 2 discusses related literature. Section 3 introduces the model. Section 4 contains an example that shows the potential problems in implementation. Section 5 derives our main results and section 6 concludes.
Related Literature
A large and growing literature has been devoted to deriving second-best allocations under multi-dimensional heterogeneity. Early examples of multi-dimensional screening problems include Mirrlees (1976) , Armstrong (1996) , Rochet and Choné (1998) and Armstrong and Rochet (1999) , and recently there have been several applications in the optimal taxation problem, including Cremer et al. (2001) , Saez (2002a) , Kleven et al. (2009) , Choné and Laroque (2010) , Renes and Zoutman (2014) , Rothschild and Scheuer (2014) and Jacquet and Lehmann (2014) . The tax systems that implement the second-best allocation in the market are usually left implicit. This paper complements this literature by guiding the design of a tax system that implements the second-best allocations in the market.
In recent literature it has become popular to derive the optimal tax system using a perturbation method (see e.g. Roberts, 2000 , Saez, 2001 and Jacquet et al., 2013 . With the perturbation method one can directly derive the optimal tax system in the market without resorting to the direct mechanism. However, the perturbation method is mainly applied as a heuristic tool, to find first-but not second-order optimality conditions. Moreover, the perturbation method does not formally show that the derived tax system also achieves the second-best allocation. Hence, in practice articles that use the perturbation method usually supplement their analysis with a formal proof applying the direct mechanism. Therefore, the insights derived in this paper apply equally to articles that use the perturbation method to identify the optimal tax system. Stiglitz (1987) studies implementation in a setting with discrete types. His analysis shows that a discrete distribution of characteristics adds another layer of complexity, since the optimal wedge is determined for each type in the economy, but not for the 'holes' between the types. The insights derived in this paper do not apply directly to the case with discrete types, and we leave this issue for future research.
Our paper also relates to the more general problem of implementation theory, which identifies economic mechanisms that can implement the planner's optimal allocation (see e.g. Hurwicz, 1960 , Vickrey, 1961 , Hurwicz, 1973 , Dasgupta et al., 1979 , Myerson, 1979 and Maskin, 1999 . In many applications it has been shown that the planner should apply restrictions to the choice space of the agents. In particular, in optimal taxation Guesnerie and Roberts (1984) and Hammond (1979) shows that quantity restrictions on some goods are in the general case welfare improving, even if the planner sets its linear, ities.
respectively, non-linear tax rates optimally. Adams and Yellen (1976) and Armstrong (1996) show that the multi-product monopolist should optimally bundle its products in order to maximize its profits, effectively restricting the combinations of goods available to customers. A similar result has been found in the literature on multi-product auctions, where the auctioneer should optimally bundle its products in order to maximize auction revenue (see e.g. Palfrey, 1983 , Chakraborty, 1999 , Armstrong, 2000 , and Jehiel et al., 2007 . Moreover, it has been shown that if several goods are procured or auctioned in a single contract, but the planner is uncertain about the exact quantities required at the time of the procedure, the principal should optimally restrict the range of possible bids. This prevents agents from using skewed bids, bids where the price is too high for one good, and too low for another (see e.g. Athey and Levin, 2001 , Ewerhart and Fieseler, 2003 , and Renes, 2011 . We add to the implementation theory literature by deriving two special cases where the planner can implement its optimum in a market mechanism without imposing any restrictions on the choice space of the agents, provided the planner has access to non-linear taxation/pricing. In particular, we show that when preferences of the planner and the agents are sufficiently aligned, the planner does not need to restrict the choice set of the agents. Hence, the optimal restrictions in the applications above may stem from a misalignment of preferences between the planner and the agents.
The New Dynamic Public Finance has generalized the Mirrlees model to a setting where earnings ability follows a stochastic dynamic process.
4 Kocherlakota (2005) shows that in this setting equating the tax rate to the optimal wedge generally does not implement the second-best allocation, and hence, the planner should restrict the choice set of the agents. Albanesi and Sleet (2006) show that even in the simplest setting, where earnings ability follows an iid process, the planner can implement the optimal allocation only if it supplements income taxes by borrowing constraints. We provide an intuition for this result. As Kocherlakota (2010) a.o. argues, in dynamic stochastic models of taxation, savings by an agent in period t create an "externality" on the labor supply decision of future incarnations of this agent through the wealth effect. Our first proposition does not apply when there are externalities, and hence, the planner may need to restrict the savings decisions of agents in order to implement its second-best allocation. Intuitively, the externality causes a misalignment between the preferences of the agents and the planner, and hence, restrictions are required.
The Model
In this section we lay down the formal structure of our model. First, we define the preferences of the agents in the economy. Second, we define the general properties of a second-best allocation. Third, we define the agents' maximization problem on the market. Finally, we discuss the two methods of implementation that are most commonly applied in the literature: the principle of taxation due to Hammond (1979) and the Mirrleesian tax system due to Mirrlees (1976) . Golosov et al. (2007) and Kocherlakota (2010) for an overview of the literature. 5 The model description below closely follows that of the companion paper Renes and Zoutman (2014) .
Preferences
The economy is populated by a unit mass of agents characterized by a twice-differentiable utility function:
where x ∈ X ⊆ R k is a vector of choice variables, y ∈ Y ⊆ R is an untaxed numeraire choice variable, and n ∈ N ⊆ R p is the type of an individual. Variables in x can include e.g. effective labor supply, consumption of (different) commodities, or savings. Choice variables x and y are observable at the individual level and the social planner can tax all choices in x non-linearly, but cannot tax y.
6 Throughout the paper we will sometimes refer to the choice variables in {x, y} as goods, even though they can be both inputs and outputs to the production process.
We assume that the untaxed good y is a normal good such that u y > 0, u yy ≤ 0 for all values of {x, y, n}. Note that the choice of the numeraire variable has no effect on the optimal allocation, since a tax on y can always be replicated by a uniform tax on all goods in x. Hence, the choice of the untaxed good does not affect the optimal allocation. Therefore, the assumption that y is a normal good is equivalent to the assumption that among all the choice variables available to the agents, there is at least one normal good.
The assumption that y is a normal good directly implies that the utility function is non-satiated everywhere. In addition, it eases interpretation of the results in the remainder of the paper. Since y will act as a numeraire, whether a good is taxed or subsidized can be evaluated by direct comparison to the numeraire good y. Moreover marginal preferences for all goods are neatly summarized by the vector of marginal rates of substitution with respect to the numeraire good:
Here element s i is the negative of the marginal rate of substitution for choice variable x i with respect to the numeraire y. Therefore, s i represents the marginal utility loss of receiving an extra unit of x i , expressed in units of the numeraire variable y. In case of the choice of labor supply, for example, the marginal utility of providing an extra unit of labor is usually assumed negative, it then follows that s i will be positive in our notation. Each element in the type vector n is referred to as a characteristic. Characteristics may include variables such as ability and health status as well as taste parameters. We assume n follows a multi-dimensional differentiable cumulative distribution function F (n), with F : N → [0, 1] and a probability density function f (n). Both are defined over the closure of the convex type space N.
The type is private information to each individual and unobservable to the planner. Note that we do not restrict ourselves to static models. Different choices can occur in different periods. However, we do assume that both the type and the mechanism used by the planner are revealed to the individuals before their first choice.
Our utility function allows a very general description of preferences. Note, for example, that the conventional utility representation (e.g. Mirrlees, 1971 , Saez, 2001 )ũ (y,l), where l is labor supply and y is income, is a special case of our utility representation.
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In addition, we do not require the utility function to be (weakly) separable in any of the goods or characteristics as is usually assumed in the literature. Therefore, agents' preferences for a good may depend on all elements in the type of the agent, n, as well as other consumption choices. Moreover, the utility function does not need to satisfy a single-crossing condition, since our analysis remains valid even if in the optimal allocation types are bunched. Finally, we do not assume any relationship between the number of characteristics p and the number of goods k other than k, p ≥ 1.
Incentive Compatibility and Feasibility
The problem of optimal non-linear taxation is to find a tax system that implements the second-best allocation of a social planner in a market economy. Following the methodology of Mirrlees (1971 Mirrlees ( , 1976 this requires us to solve two subproblems. The first subproblem is to find the second-best allocation using a direct mechanism. The second subproblem is to find the optimal tax system that implements the second-best allocation in the market. This paper focuses on the second problem, but before we can find the optimal tax system, we first need to outline the properties of a second-best allocation.
A second-best allocation that has been derived through a direct mechanism must satisfy the following three criteria: i.) the allocation is resource feasible, ii.) the allocation is incentive compatible, and iii.) the allocation maximizes the central planner's objective function under the constraints given by the first two conditions. Formally, these properties can be defined as follows. Let the second-best allocation of goods be denoted by:
Here x * and y * is a function mapping from the type space to the good space, x * : N → X and y * : N → Y . We assume x * (·) and y * (·) are both twice differentiable in all their arguments.
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Let X * denote the image or range of function x * , and Y * the image of y * . We denote by {X, Y } * the image of the allocation. This image contains the collection of all bundles assigned to agents in the economy. By definition, the set of assigned bundles are a subset of the goods space, X * ⊆ X, Y * ⊆ Y . The sets X * and X (Y * and Y ), are equal if each possible value of choice variables is assigned to at least one agent. Similarly, {X, Y } * = {X, Y } if all possible combinations of goods are assigned to at least one agent. Since the economy should be able to produce all goods consumed, we know the optimal allocation must satisfy the economy's resource constraint. We assume the economy's resource constraint takes the form:
7 To see this, assume that gross income x 1 = n 1 l where n 1 is earnings ability. It can readily be seen that this utility function can be rewritten into our form:ũ (y,l) =ũ y, x1 n1 = u (x 1 , y, n 1 ).
In this equation, R is the exogenous revenue requirement of the planner measured in units of y and q : X → Y is a reduced form production function that describes the production of y as a function of the total consumption of goods in x. The equation states that total production of y should equal the sum of private consumption and the revenue requirement of the numeraire good. Since the price of the numeraire good is normalized to one, the derivative q x i represents the individual (negative) marginal rate of transformation between good x i and the numeraire good y. q x i Is positive when good x i is an input and negative when x i is an output of the production process. We assume weakly decreasing returns to scale such that all q x i x i are non-positive. Note that the conventional assumption in the literature that q (.) is linear 9 is a special case of our model. The generalization of the production function allows researchers to investigate the case where individuals face decreasing returns to scale because they, for example, have a lower marginal productivity as they supply more hours of labor. An allocation that satisfies condition (2) is said to be feasible.
Incentive compatibility requires that in a direct revelation game each agent reveals his type. In a revelation game the planner presents the agents with a menu of choices over bundles, {x * (m) , y * (m)}, from which each agent chooses his preferred bundle by sending the corresponding p-dimensional message about his type, m ∈ N, to the planner. An allocation {x * (m) , y * (m)} is incentive compatible if each individual truthfully reveals all his unobserved characteristics through message m and receives the bundle designed for him. That is, incentive compatibility implies the agent maximizes his utility by sending the message m = n.
Hence, an incentive-compatible and feasible allocation can be defined as follows:
Definition 1 An allocation {x = x * (n) , y = y * (n)} ∀ n ∈ N is incentive compatible and feasible if each agent truthfully reveals his entire type in a direct mechanism:
and in addition satisfies constraint (2).
Note that incentive compatibility does not imply that there is no bunching of types. Two different types may well receive exactly the same bundle of goods, provided it is in both types best interest to choose this bundle over all other bundles in {X, Y } * . A second-best allocation must maximize the objective function of the planner among the set of incentive-compatible and feasible allocations defined in definition 1. However, at this point we deliberately leave the objective function of the social planner entirely generic, such that the second-best allocation of the social planner may reside anywhere within the incentive-compatible and feasible set. This allows us to study implementation in the most generic setting possible. We will later show that whether or not an allocation can be implemented can crucially depend on the assumptions made about the objective function of the planner.
Characterizing the optimal allocation when agents differ in multiple dimensions may be very complex and is beyond the scope of this paper. The common approach is to assume that the second-order incentive constraints are not binding. Mirrlees (1976) ; McAfee and McMillan (1988) ; Renes and Zoutman (2014) describe characteristics of optimal incentive-compatible allocations in the context of a first-order approach where 9 See e.g. Mirrlees (1971) , Mirrlees (1976) , Diamond (1998) , Saez (2001) and Jacquet et al. (2013) .
second-order conditions of maximization problem have to be checked after the entire allocation is derived, while Rochet and Choné (1998) deals with the problems caused by second-order incentive constraints. However, in this paper we are not interested in deriving the second-best allocation. We start instead from an incentive-compatible and feasible allocation that satisfies definition 1. Following proposition 2 in Renes and Zoutman (2014) we know that such an allocation can be described by the optimal wedges:
These wedges represent the difference between the marginal rate of substitution, s i , and the marginal rate of transformation, q x i , for each agent and each good on the second-best allocation. If the wedge is positive the marginal rate of transformation is larger than the marginal rate of substitution such that the distorted consumption level of the good is below its laissez-faire value. If the wedge is negative the consumption of a good is above its laissez-faire value.
Market Implementation
The social planner aims to implement the second-best allocation in a market economy through a tax system. In the market, agents maximize their utility function (1) with respect to their choice variables x and y subject to their budget constraint:
where the tax system, T , maps from the good space to the numeraire, T : X → Y . How much a consumer can spend on y depends on his choice of x, the production function q(·) and the tax system T (·). A tax system implements an allocation if each agent weakly prefers his bundle over all other combinations of goods available to him in the market. This concept is formally defined in definition 2:
Definition 2 A tax system T (x) implements an allocation {x * (n) , y * (n)} in the market if each agent selects the same bundle on the market that is assigned to him in the allocation:
Note that we do not need to check whether the planner's budget constraint is satisfied as long as the tax system is successful in implementing the second-best allocation. By definition 1 the second-best allocation is feasible and the non-satiation of the utility function implies that on the market the agents' budget constraints must hold with equality. By Walras' law the planner's budget constraint must, therefore, also be satisfied.
The difficulty of implementability can be understood by comparing definitions 1 and 2. In the direct mechanism each agent maximizes his utility by sending the optimal pdimensional message, containing all p characteristics of his type, to the planner. In doing so, he can choose his most preferred bundle in the set {X, Y } * . Agents can deviate by mimicking another type, but they cannot receive a bundle that has not been assigned to any type. However, in the market each agent can choose his optimal bundle out of all points in the choice space {X, Y } within his budget set. The market allows the agents to create new bundles that were not assigned to any type in the direct mechanism. Such a strategy is called a joint deviation since, in order to create a new bundle that satisfies the budget constraint, an agent has to deviate in at least two goods relative to his bundle in the second-best allocation. If a tax system allows for profitable joint deviations, it cannot satisfy definition 2, even if the allocation satisfies definition 1. Because the market allows agents to create joint deviations, the conditions for implementability are generally stricter than the conditions for incentive compatibility. A graphical example based on the canonical Mirrleesian tax system will illustrate the issue in more detail in the next section. Before discussing the example it is convenient to discuss the most important approaches to implementation in the literature in our notation.
The principle of taxation and the Mirrleesian implementation
We are not the first to study tax systems that meet definition 2. The two most prominent approaches to implementation in the literature are the principle of taxation and the Mirrleesian tax system. The principle of taxation, derived in Hammond (1979) , shows that for any incentive-compatible allocation at least one tax system exists that can implement it. This tax system has two properties. First, if the agent chooses the bundle x * (n) designed for him, he will receive the corresponding value of y * (n). That is, the tax function satisfies:
Second, it restricts agents to making a choice within {X, Y } * . The implementation creates individual budget sets that are restricted to lie within the image of the allocation. This restriction effectively prohibits all joint deviations. This immediately implies that the underlying problems of the agents in definitions 1 and 2 are isomorph, and hence, the outcome is identical. It follows that the conditions for incentive compatibility and market implementability coincide. Hence, the principle of taxation shows that by sufficiently restricting the choice space available to agents in the market, a tax system can always implement the second-best allocation. Mirrlees (1976) derives the optimal second-best allocation with multiple goods under uni-dimensional heterogeneity in earnings ability of the agents. The outcome of the planner's maximization defines the wedges, W i (n), for each level of earnings ability, n, and each good x i . Under certain regularity conditions 10 the consumption level of each good can be used to infer n. That is, there exists an inverse function of the allocation x * (n), such that (x * ) −1 (x i ) = n for each good x i . Mirrlees (1976) proposes to implement the second-best allocation through a tax system that has the following properties. First, like before, each agent should be able to afford his bundle:
However, unlike in the principle of taxation, Mirrlees does not limit the choice set to {X, Y } * . Instead, he proposes to set the marginal tax on each good x i equal to the wedge:
In the literature this approach is known as equating taxes to wedges (see e.g. Kocherlakota, 2005) . The tax system is separable in the sense that the tax rate on good x i only depends on the consumption of good x i . Additionally, if all x i ∈ X are awarded to a type in the direct mechanism, this defines the unique separable tax system because a marginal tax rate is assigned to each level of the choice variables. Furthermore, the tax system is entirely defined by the optimal wedges in the direct mechanism. Therefore, the optimal allocation in the direct mechanism contains all the information necessary to design the optimal tax system. Note that the tax system described does not prohibit choices of the agent in any way, apart from setting a budget constraint. Unlike the tax system described by the principle of taxation, the Mirrleesian tax system does not change the agents' choice set compared to laissez faire, but only affects the relative prices through the marginal tax rates. As a result, the agents can choose joint deviations if they so desire. Therefore, unlike the tax system prescribed by the principle of taxation, there is no easy proof that shows that this tax system can implement all incentive-compatible allocations. Conditions under which this tax system implements the second best are derived in our corollary 2 further on.
Unfortunately Mirrlees (1976) only defined implementation under uni-dimensional heterogeneity. Generally, when agents are heterogeneous in multiple characteristics it is no longer possible to create a separable tax system, since the inverse allocation function (x * ) −1 (·) = n can no longer be written as a function of a single good (see also the discussion in Renes and Zoutman, 2014) . Since the tax system is no longer separable, there may be multiple natural ways to extend the marginal tax rates to consumption bundles that are not awarded to any type in the direct mechanism. Moreover, there might be multiple tax systems that equate the marginal tax rate to the optimal wedge, since the inverse allocation function is generally not unique. Because of this potential multiplicity we do not focus on a particular tax system. Instead, we derive general conditions under which tax systems that affect the relative prices, but do not restrict the choice space can implement the second-best allocation, even if agents are heterogeneous in multiple dimensions. However, given the focus on uni-dimensional heterogeneity of agents in the literature, the most important example tax systems that focus on affecting relative prices without introducing restricting the choice set is the Mirrleesian tax system.
Failure of the Mirrleesian implementation: A Simple Example
This section will use a graphical example to show intuitively why the standard Mirrleesian implementation may fail to implement an incentive-compatible allocation. The purpose of the example, depicted in figures 1 and 2, is to illustrate the issue of implementation in the simplest possible setting. For that purpose the example is highly stylized and very much simplified. The idea is specifically not to give a realistic example, but to show that even in very simple settings, with agents that differ only in their earnings ability, the Mirrleesian tax system can sometimes fail.
The agents in the example are couples that maximize a joint utility function. For simplicity we assume that spouses within a couple have matched perfectly assortative, such that within each couple the spouses have exactly the same earnings ability. Moreover, we assume couples differ only in their earnings ability, such that this is a model with unidimensional heterogeneity of agents, p = 1. The spouses have to decide how much time either partner works and how much each of them tends to the household and children. The optimal allocation specifies how much labor income is generated by each spouse, x * 1 (n) and x * 2 (n), and how much each couple consumes, y * (n), as a function of the earnings ability of the couple. We assume the standard production function x i = nl i , where l i represents the labor effort of spouse i. Clearly, high ability couples have to provide less labor to reach a certain income level than low ability couples. Moreover, we assume that couples' marginal utility of consumption is decreasing in consumption, such that the planner has an incentive to redistribute from high to low ability couples.
Since there is only one hidden characteristic for each couple, the bundles assigned to the types in a second-best allocation form a line in X 1 × X 2 × Y space. This line is represented by the black line in figures 1 and 2. In figure 1 the line is sloping upward, indicating that the planner wants couples with higher ability to earn more in equilibrium. In addition, an increase in gross income, x 1 +x 2 , leads to a less than one-to-one increase in consumption, y. This shows that the planner is redistributing from higher to lower ability couples. Finally, on any point of the line x 1 = x 2 , indicating that the planner wants the spouses in each couple to supply the same amount of labor effort. In both pictures the dot represents the bundle assigned to one particular couple in the second-best allocation.
The hyperplane shows the budget constraint that results from the Mirrleesian implementation. The budget constraint is uniquely determined by equating taxes to wedges on the allocation, and assuming it is separable in each choice variable. Each point on the surface represents a bundle of labor income of the husband, x 1 , labor income of the wife, x 2 , and the corresponding amount of consumption after taxes, y, given by the budget constraint.
In figure 2 the vertical axis shows the utility level of the couple whose second-best bundle is located at the dot. The surface represents the reduced-form utility function, with the budget constraint substituted into the utility function, for all combinations {x 1 , x 2 , y} given the tax system imposed. In figure 2 we can see that the assigned bundle (dot) marks the highest utility level on the allocation (line), such that the couple prefers their bundle over any of the other bundles in the allocation. The allocation is therefore incentive compatible for this couple, and indeed for all couples, in the direct mechanism. Mimicking another couple, and receiving the corresponding bundle, would decrease their utility level. Moreover, the depicted allocation is feasible.
However, in the market the couple is also allowed to trade working hours of the husband for working hours of the wife and vice versa. In figure 2 we can see that such joint deviations give the couple located at the dot more utility than their assigned bundle. In the market this couple prefers bundles that are not part of the planner's second-best allocation over the bundles in the allocation. Therefore, the Mirrleesian tax schedule to fail to implement the second-best allocation in this case.
In this particular example, the failure results from divergence in preferences between the planner and agents. Our fictitious couple prefers partial specialization, where one of the partners earns most of the income and the other partner stays at home. This could be rationalized in a model where spouses have increasing returns to scale or increasing utility to specialization. However, in the planner's optimal allocation spouses in couples need to work the same number of hours. Such misalignments could have several causes. First, the planner could be paternalistic, forcing households to equally divide the task between both partners, simply because he thinks this is fair. Alternatively, the couples in the economy might have children. The children in turn may be better off with attention of both spouses than with attention of only the stay-at-home spouse. If the utility of the child is not sufficiently weighted in the utility function of the couple, the planner may want to correct the externality and make both spouses stay at home part of the time. Note that both of these arguments can lead to exactly the same first-order optimality conditions for the second-best allocation. This example indicates that both non-welfarist motives and correction of externalities may lead to a failure of the Mirrleesian tax system, independently of the preferences of the agents. In section 5 we prove that absent this type of misalignment any tax system that equates taxes to wedges and does not impose any other restrictions on the choice set of agents, like the Mirrleesian tax system, suffices to implement the allocation.
To complete the picture, note that the solution offered by the principle of taxation is to disallow all consumption bundles that are not on the black line. That is, it forces both spouses to work an equal number of hours. In that case the observation that the assigned bundle (the dot) represents the highest utility level on the allocation (line) directly implies implementability.
However, in this example, as in many other cases, implementing the allocation through the principle of taxation may be socially undesirable. First, the planner should have the practical means to disallow joint deviations. The planner could, for instance, tax joint deviations at an infinite rate, or prohibit joint deviations explicitly, giving severe punishment to trespassers. Such measures, if they are feasible to begin with, are sensitive to small mistakes or a trembling hand. In our example, a slight deviation where one partner works more than the other for some unforeseen reason would be outright prohibited or subject to a severe punishment.
More generally, the planner could tax joint deviations by prohibitive, but non-infinite tax rates. However the calculations required to determine the second-best allocation do not provide us with information about when tax rates become prohibitive. Obviously, this crucially depends on the preferences of the agents. Hence, another set of complicated calculations is necessary to determine whether or not specific tax rates indeed lead agents to refrain from joint deviations in equilibrium.
Additionally, it may be costly and complex to administer prohibitions or prohibitive tax rates. In order to determine whether a specific bundle entails a joint deviation the entire vector of x has to be known and compared to the bundles in {X, Y } * and this may be a very costly process, in terms of computational complexity, monitoring and administration.
This example clearly shows that a Mirrleesian tax system cannot implement all secondbest allocations, and that the principle of taxation provides policy makers with tax systems that are unrealistic in market economies. Hence, in order to guide tax design for policy makers, we have to find conditions under which more realistic tax systems can implement a given allocation.
Implementation through Taxation
Now that we have shown that the canonical Mirrleesian tax system may sometimes fail to implement the second-best allocation. We will proceed by deriving the necessary and sufficient conditions for a tax system to implement the second-best allocation. These conditions are a useful test to verify whether a specific tax system implements a specific allocation. However, in order to perform this test, one first needs to derive both the allocation and the tax system. In many cases an explicit closed-form solution for the second-best allocation does not exist. Numerical solutions are available, but these describe only special cases by definition. Implementation can only be verified for the specific tax system and parametrization studied. Therefore, these explicit solutions cannot be used to say anything about tax systems in general.
To overcome this issue we use to lemma derived in subsection 5.1 to derive two classes of problems for which a tax system that equates taxes to wedges always implements the second-best allocation in subsections 5.2 and 5.3. In the final subsection we discuss the consequence of this result for the existing literature on optimal taxation.
Conditions for Implementation
The necessary and sufficient conditions for implementation can be found by formally solving the problem of definition 2 in terms of the first -and second-order conditions of optimality. Although this approach is standard, the non-linear nature of prices in our setting requires some attention. The solution to this problem is summarized in lemma 1:
Lemma 1 An incentive-compatible and feasible allocation can be implemented through a twice differentiable tax system T (x) iff a.e.:
i.)
ii.)
iii.)
where 0 denotes that the matrix on the left-hand side should be negative semi-definite.
Proof. The proof can be found in the appendix. Equation (7) ensures that the amount of taxes paid for any bundle of x * (n) within the allocation is uniquely determined. If the total tax level T (x * (n)) is too high, the tax schedule cannot implement the allocation because people receive too little y * (n), and vice versa. Equation (8) is the first-order condition for a market implementation. It states that marginal taxes are equated to the wedges. There are always as many marginal tax rates in T as there are goods in X, for all n ∈ N. Such that there is always a unique vector of marginal tax rates T (x * (n)) that satisfies (8) within any possible incentive-compatible allocation.
In effect, this means that the first order conditions of this problem can always be met and that the solution is unique on the allocation, but undefined for consumption bundles outside of X * . In our example in figures 1 and 2, this translates to a tax system that is well defined on the line, but undefined everywhere else. Hence, although equation (8) tells us how to design the tax system on the allocation, it does not tell us how to extend it to bundles that are not assigned in the second-best allocation. Therefore, in order to design a complete tax system one has to make additional assumptions. In the case of the Mirrleesian tax system this additional assumption is that marginal tax rates are separable in each choice variable. One can also think of many other solutions, and the optimal tax system is generally not unique. However, any tax system that successfully implements the second-best allocation must also satisfy the second-order implementability constraints, equation (9). Equation (9) states that the indifference curves of any linear combination of x's with respect to y should be more convex than the budget constraint for the same linear combination of x's. This condition is different from the standard second-order condition of utility maximization with two goods (see e.g. Mas-Collel et al., 1995) in two ways. First, in standard micro-economic theory the budget constraint is linear and hence the condition can be simplified to convexity of the indifference curves. Second, since there are multiple choices, sufficiency requires that the indifference curve of all linear combinations of x with respect to y are more convex than the budget constraint, with two goods only one such combination exists.
Pareto Efficiency and Welfarist Planner
As we have seen in figure 2 a Mirrleesian tax system may sometimes allow agents to create profitable joint deviations. In the next proposition we show that this issue does not occur if an allocation is i.) incentive compatible and feasible as in definition 1 and, ii.) within this set, on the Pareto frontier, such that no agent can be made better off without reducing the utility of any other agent. The most important implication of this proposition is presented in corollary 1, the second-best allocation of a welfarist planner can always be implemented by equating taxes to wedges.
Proposition 1 If an allocation satisfies the constraints given by definition 1 and, within this set, resides on the Pareto frontier, then it can be implemented by any tax system, T (x), that; i.) equates taxes to wedges on the allocation, T i (x * (n)) = W i (n), and ii.) does not contain an internal maximum in any vector subspace of X * .
Corollary 1
The second-best allocation of a planner that maximizes a welfare function of the form´N W (u (n) , n) dn with W u (·) > 0 for all u, n, commonly known as a welfarist planner, can be implemented under the conditions in proposition 1.
Proof. The proof can be found in the appendix. Intuitively, consider again our example in figure 2. The increase in the reducedform utility of the couple is approximately the same whether the couple turns "left " or "right"of the bundle assigned to them. That is, in the example it does not matter which spouse specializes in the official labor market, and which spouse specializes in house work. If tax payments from the couple to the planner are not maximized at their allocated bundle, then one of the two opposite deviation strategies must weakly increase tax revenue as well. Hence, one of the two deviations must be resource feasible. By assumption the utility of other couples is not directly affected by either deviation. Hence, there exists at least one joint deviation that has the following properties i.) it increases the utility of one agent, ii.) it occurs through voluntary transactions on the market and is hence incentive compatible, iii.) it weakly increases the resources in the economy, and iv.) it leaves the utility of other agents unaffected. This then must be a Pareto improvement. However, an incentive-compatible Pareto improvement does not exist for allocations located on the Pareto frontier, and hence, we arrive at a contradiction. The proof to the proposition shows formally that this logic is not partial to our example. If taxes are equated to wedges, but second-order implementability constraints are not satisfied there always exists at least one incentive-compatible deviation that increases the utility of an agent and weakly increases the economy's resources. In our setting such a deviation is always a Pareto improvement.
Proposition 1 is important for public economists and policy makers. It shows that if the conditions of proposition 1 are fulfilled, the design of the optimal tax system is relatively straightforward. If a second-best allocation is Pareto efficient, the optimal tax system can be designed by equating the marginal tax rates to the optimal wedges. By proposition 1 this tax system must satisfy first and second-order implementability constraints, and can hence implement the planner's optimal allocation.
In addition, by corollary 1 such a tax system can also implement the second-best allocation of a welfarist planner. This follows from the fact that the second-best allocation of a welfarist planner always resides on the Pareto frontier, as was already shown in and Brendon (2013) . Intuitively, if the planner is welfarist, preferences of the agents and the planner are aligned in the sense that welfare strictly increases in the utility of all agents. Therefore, an allocation which is not on the Pareto frontier cannot be optimal for a welfarist planner. Hence, the proposition also applies to the second-best allocation of a welfarist planner.
The conditions of the proposition only applies if the tax system does not have an internal maximum in any vector subspace of X * , there are no externalities, and the allocation is on the Pareto frontier. In practice, the first restriction is almost always satisfied. The sign of the marginal tax rate is equal to the sign of the wedge. In most models of optimal taxation the optimal wedge does not change sign, such that the resulting tax system is monotonic, and hence, the tax system does not have an internal maximum. Even in models where the optimal wedge does change sign, such as Saez (2002b) and Choné and Laroque (2010) , it changes sign from negative to positive. As such, the resulting tax system has an internal minimum, but not an internal maximum. We are not aware of any articles in the literature where this assumption is violated.
More importantly, the logic of our proof does not carry over to a model with externalities or to situations where the planner is non-welfarist. With externalities the deviation of any agent can influence the utility of other agents through the externality. Therefore, if a deviation increases the utility of a single agent, and weakly increases tax revenue, this no longer implies the deviation is a Pareto improvement. For instance, if a deviation increases the amount of gasoline purchased by an agent, this may lead to an increase in the utility of the agent as well as the tax revenue of the planner. However, the externality generated by the extra carbon emissions may harm the utility of all other agents in society. Finally, Kaplow and Shavell (2001) show that for a planner with a non-welfarist objective function there exist at least one Pareto improvement for the agents that decreases the objective function of the planner. Hence, even if a Pareto improvement exists, it is unclear whether this increases the objective function of the non-welfarist planner.
The Mirrleesian Tax System
As a corollary to proposition 1 we show when the Mirrleesian tax system can implement a second-best allocation.
Corollary 2 Under uni-dimensional heterogeneity, p = 1, when an allocation i.) lies on the Pareto frontier, or ii.) is optimal to a welfarist planner, and the Mirrleesian tax system, as defined in section 3.4, does not contain an internal maximum in any vector subspace of X * , the Mirrleesian tax system can implement the second-best allocation.
Proof. In the Mirrleesian tax system tax rates are equated to wedges such that all conditions in i.) proposition 1, respectively ii.) corollary 1 are satisfied. Corollary 2 is a simple extension of proposition 1 and corollary 1. The Mirrleesian tax system, which is only defined under uni-dimensional heterogeneity, equates taxes to wedges. Hence, it can implement any incentive-compatible allocation on the Pareto frontier, as well as the second-best allocation of a welfarist planner.
This corollary is important primarily because the Mirrleesian tax system is separable. Hence, our result show that a separable tax system can implement the second-best allocation of a welfarist planner under uni-dimensional heterogeneity of agents. In static models this implies, for example, that the tax rate on capital income is independent of labor income and vice versa. In non-stochastic dynamic models in all periods, it implies that tax rates are independent over time, such that the government does not have to keep records over time to attain its optimal allocation.
Surjective allocations
There is an important second class of maximization problems in which equating taxes to wedges will always implement the second-best allocation. If the optimal allocation is surjective, such that all possible bundles of goods that are available in the market are assigned to at least one type in the second-best allocation, then only one tax system can satisfy first-order implementability conditions (7) and (8), and this tax system implements the second-best allocation. Proposition 2 formalizes this result.
Proposition 2 If the mapping x * (n) is surjective, then the tax system is fully described by equations (7) and (8), and this is the unique differentiable tax schedule that implements the second-best allocation.
Proof. The proof can be found in the appendix.
Note that surjectiveness of the mapping x * (n) is a relatively strict requirement. It requires that every possible bundle of x ∈ X is assigned to at least one type. In this situation every choice in the market corresponds to the choice of a type in the direct mechanism. Since all types prefer their own bundle over the bundles assigned to other types and all bundles are assigned to a type, it follows that all types prefer their bundle above any other bundle in the economy.
Note that the tax system described in proposition 2 is unique. Wedges are defined for every possible value of x ∈ X, such that only one implementing tax system exists. Moreover, since surjectiveness implies that X * = X the principle of taxation does not restrict the choice set of agents in this particular case.
The allocation derived in Mirrlees (1971) is an example of a surjective allocation provided ability is continuously distributed in R + , and the second-best allocation assigns all positive gross income levels to at least one type.
12 In this case, the function x * (n), mapping ability to gross income, is surjective. Then by definition incentive-compatibility constraints coincide with the constraints for implementability.
Implications for implementation in the existing literature
Our paper provides new insights about tax systems for a number of articles in the literature. In most models considered in the existing literature the planner is welfarist, there are no externalities, agents are heterogeneous in only one dimension and the optimal resulting tax system is monotonic or convex (see e.g. Mirrlees, 1971 , Mirrlees, 1976 , Atkinson and Stiglitz, 1976 , Saez, 2001 ,Bovenberg and Jacobs, 2005 , Golosov et al., 2013 . Additionally, a number of articles study the implementation of allocations on the Pareto frontier, without specifically assuming a benevolent planner. (see e.g. Brendon, 2013) . By proposition 1 and its corollary 2 the second-best allocation in these papers can be implemented by a Mirrleesian tax system. In all aforementioned articles, except Golosov et al. (2013) , this tax system is also suggested. Golosov et al. (2013) proposes to implement the allocation through a non-separable tax system that also equates taxes to wedges. Proposition 1 proves that this tax system implements the allocation derived in the article as well.
A growing literature considers optimal taxation under multi-dimensional heterogeneity of agents, where the planner is welfarist, there are no externalities, and the tax system that naturally results from equating taxes to wedges is monotonic or convex (see e.g. Mirrlees, 1976 , Choné and Laroque, 2010 , Renes and Zoutman, 2014 , Rothschild and Scheuer, 2014 and Jacquet and Lehmann, 2014 . Proposition 1 also applies to these models, such that any tax system that equates taxes to wedges implements the allocation derived in these articles.
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A number of articles study optimal non-linear taxation in the presence of a nonwelfarist planner (see e.g. Fleurbaey and Maniquet, 2006 , Fleurbaey and Maniquet, 2007 , Jacquet and Van de Gaer, 2011 and Gerritsen, 2013 under uni-dimensional heterogeneity in earning ability. In each of these articles the agents only choose how much income to earn and how much to consume. Therefore, provided the distribution of earnings ability is continuous and unbounded, the allocation is likely to be surjective. The surjectiveness of the allocation can easily be verified by checking whether all non-negative income levels are assigned, as is usually the case. In that case proposition 2 shows that there is a unique tax system that implements the second-best allocation by equating the tax to the wedge.
Concluding Remarks
The results presented in this paper cover the relatively understudied second step of tax design for a general class of models. Propositions 1 and 2 show that a relatively simple class of tax systems, that is completely described by the optimal wedges in the second-best allocation, can implement the optimal allocation found in most problems studied in the existing literature. In these models implementation can proceed through any tax system that equates taxes to wedges. In addition, lemma 1 provides the conditions that need to be checked if the problem does not fit one of the two classes outlined in our propositions. Importantly, our results are not restricted to the often-studied case of uni-dimensional heterogeneity of agents, but are also directly applicable to the multi-dimensional problem studied in the companion paper Renes and Zoutman (2014) .
Proposition 1 highlights a unique feature of the Mirrleesian optimal tax model. Unlike the design problem of auctioneers and monopolists, the maximization problem of a welfarist central planner is aligned with that of the agents he faces. In fields such as monopoly pricing and auction theory the objectives of the principal and the agents are usually opposed, in the sense that the payoff of the planner increases in the payment made by the agents. An increase in a monopolist's profits (at fixed quantities) automatically comes at the expense of the consumers. As such, implementation will generally be more difficult than in the Mirrleesian taxation literature. As a result, our paper shows that the planner in these settings generally needs to restrict the choice space of its agents by for example bundling goods or disallowing certain bids (see also Armstrong, 1996 , Renes, 2011 , Rochet and Choné, 1998 .
The alignment between agents and planner allows a relatively broad class of tax systems to implement the second best of a welfarist planner. In many cases the planner can let the agents maximize their utility subject to a budget constraint, without further restriction in the choice space, irrespective of the actual utility function of individuals.
This result is important because restricting the choice space of agents in a real-world economy is generally very complex, and in most cases unrealistic and undesirable in a market economy. However, our results may also help explain cases where the price mechanism fails and the government has to restrict the choice space of agents. This may for instance be the case in settings where externalities play an important role.
Future work could focus on the possibility to extend this work to dynamically stochastic settings. Additionally, finding implementing tax systems that allow individual freedom of choice in cases when equating taxes to wedges does not lead to the optimal allocation is of first order importance to the normative public finance literature that deals with issues like externalities and non-welfarist motives.
vector which we normalize to length one, on the market by a particular agent of type m. The budget constraint (5) defines the amount of y the deviating agent receives as:
Note that the resulting allocation after the joint deviation is incentive compatible since the original allocation was incentive compatible and the exchange occurs at market prices. Through the utility function, the utility gain, U (α∆x) , of such a deviation can therefore be written as:
Therefore, if the first-order term is zero the second term must be non-negative. Hence, tax revenue always weakly increases in either −α∆x or α∆x for sufficiently small α. It follows that at least one of the two deviations is resource feasible. Therefore, under the conditions stated in our proposition, if the tax system is not successful in implementing the allocation on the Pareto frontier, there exist at least one deviation which increase utility of at least one agent, leaves the allocation resource feasible and incentive compatible. The utility of all other agents remains unaffected, since there are no externalities by assumption, and is therefore a Pareto improvement. Hence, we run into a contradiction, since a Pareto improvement cannot exist over an allocation that is already on the Pareto frontier proving the main part of the proposition.
The stated corollary follows from the fact that the second-best allocation of a welfarist planner always lies on the Pareto frontier. To see this note that if the allocation were not on the Pareto frontier, by definition the planner could increase the utility of at least one agent without decreasing the utility of any other agent. Such a deviation increases the value of the planner's objective function, and hence the original allocation could not have been the second best (this is also shown in ,Brendon, 2013 .
A.3 Proof to Proposition 2
Proof. Note that in the direct mechanism, reporting your type to the planner is equivalent to choosing a bundle {x, y} among the set of bundles that are assigned to a type, {X, Y } * . Hence, we can rewrite the optimization problem for the agents in the direct mechanism (see definition 1) as follows: {x * (n) , y * (n)} = arg max x,y {u (x, y, n) : {x, y} ∈ {X, Y } * } .
In addition, by equation (7), for each bundle of x * (n) the tax system provides the corresponding level y * (n). Hence, if the tax system, T (x), satisfies the equation (7) we can further simplify the optimization problem to: {x * (n) , y * (n)} = arg max x,y {u (x, y, n) : y = q (x) − T (x) , x ∈ X * } , = arg max x,y {u (x, y, n) : y = q (x) − T (x) , x ∈ X} , where the final step follows from the fact that the allocation is surjective such that the set of assigned bundles is equal to the set of all available bundles on the market: X * = X. This is exactly equal to optimization problem 2, and hence, the tax system that satisfies (7) can implement any surjective allocation. Note that we do not need to check whether the tax system also satisfies equations (8) and (9). Since we have assumed that the original allocation is incentive compatible, it follows immediately that these constraints are also satisfied provided the allocation is surjective.
Finally, note that the tax system that implements a surjective allocation is unique. Equation (7) implicitly defines the value of the tax function for all x ∈ X * :
T (x * (n)) = q (x * (n)) − y * (n) .
Therefore, equation (7) uniquely determines the value of T (x) for all x ∈ X * . Since by surjectiveness X * = X it defines the value of T (x) over its entire domain. Hence, there is only one function T (x) that satisfies (7). Since (7) is a necessary condition for implementation, it follows that there is only one tax system that can implement a surjective allocation.
